As potential candidates of dark matter, primordial black holes (PBHs) are within the core scopes of various astronomical observations. In light of the explosive development of gravitational wave (GW) and radio astronomy, we thoroughly analyze a stochastic background of cosmological GWs, induced by over large primordial density perturbations, with several spikes that was inspired by the sound speed resonance effect and can predict a particular pattern on the mass spectrum of PBHs. With a specific mechanicsm for PBHs formation, we for the first time perform the study of such induced GWs that originate from both the inflationary era and the radiation-dominated phase. We report that, besides the traditional process of generating GWs during the radiation-dominated phase, the contribution of the induced GWs in the sub-Hubble regime during inflation can become significant at critical frequency band because of a narrow resonance effect. All contributions sum together to yield a specific profile of the energy spectrum of GWs that can be of observable interest in forthcoming astronomical experiments. Our study shed light on the possible joint probe of PBHs via various observational windows of multi-messenger astronomy, including the search for electromagnetic effects with astronomical telescopes and the stochastic background of relic GWs with GW instruments.
Primordial density perturbations, that seeded the large-scale structure (LSS) of the Universe, are usually thought to arise from quantum fluctuations during a dramatic phase of expansion at early times, as described by inflationary cosmology, from which a nearly scaleinvariant power spectrum with a standard dispersion relation is obtained [37] . This was confirmed by various cosmological measurements such as the cosmic microwave background (CMB) radiation [38, 39] and LSS surveys at extremely high precision. It is interesting to note that, although density and tensor perturbations evolve independently through the early Universe at linear level, they couple with each other nonlinearly and hence can induce either the non-Gaussianities or stochastic background of relic GWs [40, 41] . Once if these density perturbations could form PBHs, it becomes possible to constrain primordial non-Gaussianities with PBHs [42] [43] [44] [45] [46] [47] . Moreover, it is intriguing to search for PBHs via the measurements of the stochastic GW background induced by over large primordial density perturbations [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] . The connection between PBHs and the induced GWs has been extensively studied in the literature, which mainly focused on the GW generation during the radiation-dominated phase when PBHs were formed. So far, the GW generation during the inflationary phase remain unclear, which is one of the main subjects of the present study.
Recently, a novel mechanism for PBHs formation, called sound speed resonance (SSR), was proposed in [11] , where an oscillating sound speed square leads to arXiv:1902.08187v1 [astro-ph.CO] 21 Feb 2019 the non-perturbative parametric amplification of certain perturbation modes during inflation. As a result, the power spectrum of the primordial density perturbations has a narrow major peak on small scales, while remains nearly scale-invariant on large scales as predicted by inflationary cosmology. Note that several minor peaks of the power spectrum of the primordial density perturbations on smaller scales are also predicted by this novel mechanism. In [11] it was found that the formation of PBHs caused by the resulting peaks in SSR can be very efficient, which could be testable in the future observational experiments.
Moreover, the enhanced primordial density perturbations are expected to induce large GWs signals according to the second-order cosmological perturbation theory. Motivated by the aforementioned reasons, in the present paper we turn to study the second-order GWs caused by the primordial density perturbations with peaks in the SSR scenario. Making use of this new mechanism, we perform a full analysis of the GWs signal, that evolves through the inflationary era until the present Universe.
First, we analyze the GWs induced by the enhanced primordial density perturbations when the relevant modes re-enter the Hubble horizon during the radiation-dominated era. Afterwards, we study GWs induced by the modes of primordial density perturbations at the super-Hubble scales during the inflationary era, which is often omitted in other works. Our calculation reveals that this part of contribution is usually suppressed by the slow-roll parameter when compared with that of the radiation-dominated era, but it might be important if the slow-roll condition could be violated for a short while during inflation. Finally, we compute the GWs induced by quantum fluctuations that remain inside the Hubble horizon during inflation, and we find that this sub-Hubble contribution can become very significant at critical frequency band due to the narrow resonance effect. We interestingly observe that, although the spectrum is damping out at small scales due to a blue tilt, there exists a narrow window where the induced GWs can be resonantly enhanced, and the resulting amplitude can be sizable when compared with the one derived in the radiation-dominated phase. Therefore, this work provides for the first time a comprehensive study on stochastic GWs background induced during both the inflationary and the radiation-dominated eras. And the resulting signal provides a new target for various future GW experiments, which also serves as an independent window of probing PBHs in the Universe.
The article is organized as follows. In Section II, we put forward a novel parametrization form of the power spectrum of primordial density perturbations that allows for several spikes and discuss the associated realization from the perspective of the SSR mechanism. In Section III, we work out the GWs induced by primordial density perturbations during radiation-dominated phase, and by the super-Hubble modes and the sub-Hubble modes during inflation, respectively. In Section IV, we derive the energy spectra of the induced stochastic GWs associated with the PBH formation and perform a comparison with the observational ability of the present and forthcoming GW experiments. Finally, we conclude with a discussion in Section V. The detailed calculation of induced GWs is presented in Appendices. Throughout the article, we adopt the natural units c = = 1 and the reduced Planck mass is defined as M −2 p = 8πG.
II. SOUND SPEED RESONANCE AND POWER SPECTRUM WITH PEAKS
To generate PBHs within inflationary cosmology, the key point is to amplify the amplitude of primordial density perturbations for certain ranges of modes. For most of theoretical mechanisms studied in the literature, it requires a manifest enhancement around a unique comoving wavenumber, and accordingly, the mass spectrum of PBHs displays a single peak around a critical mass scale. However, it was recently pointed out in [14] that the PBHs are likely to have an extended mass spectrum, in particular with multiple peaks, which has crucial implications for the interpretation of the observational constraints. This novel phenomenon happens to be realized also in [11] in terms of the SSR mechanism. We note that, for the sound speed, the first peak of the resonant power spectrum, which corresponds to the lowest comoving wavenumber, makes the larger contribution to the PBH mass spectrum, but the rest would affect the whole profile, in particular the tail of the mass spectrum.
The causal mechanism of generating power spectrum suggests that primordial density perturbations initially emerge inside the Hubble radius, and then exit in the primordial epoch, and eventually re-enter at late times. One often uses a gauge-invariant variable ζ, the curvature perturbation in comoving gauge, to depict the primordial inhomogeneities. For convenience, one can introduce a canonical variable v ≡ zζ, where z ≡ √ 2 a/c s [62, 63] . Note that, ≡ −Ḣ/H 2 is often regarded as the Hubble slow-roll parameter, H ≡ȧ/a is the Hubble parameter and c s is the sound speed parameter of the primordial Universe. The evolution of one Fourier mode for this variable v k (τ ) satisfies: v k + c 2 s k 2 − z /z v k = 0, where the prime represents for the derivative w.r.t. the conformal time τ .
To produce PBHs within inflationary cosmology, it requires a dramatic amplification of the primordial curvature perturbations for certain scales. In [11] , a novel mechanism was proposed by introducing an oscillating correction to the sound speed parameter. In particular a parametric amplification of curvature perturbations caused by resonance with oscillations in the sound speed parameter, which provides an efficient way to enhance the primordial power spectrum around the astrophysical scales where PBHs, could account for DM in the current experimental bounds. Such an oscillation correction could arise when inflation models are embodied in UV-complete theories, such as D-brane dynamics in string theory [64, 65] , or, by integrating out heavy modes from the effective field theory viewpoint [66, 67] , or purely from a phenomenological construction [68] [69] [70] .
Specifically, the sound speed parameter can be parametrized as: c 2 s = 1 − 2ξ[1 − cos(2k * τ )] with τ > τ i , where ξ is a small dimensionless quantity that measures the oscillation amplitude and k * is the oscillation frequency. Note that ξ < 1/4 is required such that c s is positively definite, and, the oscillation begins at τ i , where k * needs to be deep inside the Hubble radius with |k * τ i | 1. Moreover, we set c s = 1 before τ i and assume that it can transit to oscillation smoothly for simplicity. In this mechanism, the perturbation equation can be re-expressed in form of a Mathieu equation [11] , which then gives rise to a narrow parametric resonance, i.e., the perturbation modes in the neighborhood of the characteristic scale k * can be exponentially enhanced, while the power spectrum on large scales remains nearly scale invariant as predicted by the standard inflationary cosmology. However, it is interesting to observe that, this mechanism also predicts several secondary peaks on the scales with integer times of k * . Accordingly, by taking into account these peaks into the power spectrum, one can parametrize its form as follows,
where A s = H 2 /8π 2 M 2 p is the amplitude of the power spectrum predicted by the conventional inflationary paradigm, is the Hubble slow-roll parameter as mentioned above, n s is the spectral index at the pivot scale k p = 0.05Mpc −1 [39] . The resonant enhancements are characterized by the delta functions inside the square brackets in the second line of Eq. (1), where the amplitude of n-th peak relative to the first one is quantified by a dimensionless parameter a n . Since we work in the perturbative regime, the height of the peaks in P ζ (k) should be no more than unity. This condition constrains the upper bounds for the amplitudes of the induced GWs generating from the inflationary era and the radiationdominated era.
To illustrate the technique of calculating GWs induced by the process of PBH production with multiple spikes, throughout the whole analyses we will only take into account the second and third peaks that are located at 2k * and 3k * respectively. This is because the amplitudes of other peaks at higher order are exponentially suppressed by a factor of about O(10 −8 ) in the SSR mechanism and then soon be out of observable interest. According to the cosmological perturbation theory, different k-modes of linear density perturbations can be mixed with each other nonlinearly and this mixing can play the role of generating tensor perturbations at second order [40, 41] .
In the literature, there were extensive studies on the GWs induced by a single-peak pattern of the power spectrum of primordial density perturbations with the scalar modes re-enter the Hubble radius during the postinflationary phase [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] . These works have successfully demonstrated that a possible measurement of the stochastic background of GWs in future astronomical experiments could provide a powerful window to search for PBHs or to constrain the parameter space. However, it is crucial to notice that, this observational attempt requires a precise quantification of the profiles of energy spectra of the induced GWs, which also takes into account of the enhancement effects by the specific mechanisms of PBH generations in the primordial era.
To address the aforementioned issues, in the present article we perform a much more comprehensive analysis on how the GWs were induced by a resonantly enhanced power spectrum that began from the sub-Hubble regime of the inflationary era, then evolved to the super-Hubble regime during inflation, and finally re-entered the Hubble horizon during the radiation-dominated phase. The PBHs form in the radiation-dominated phase, but the GWs can be continuously produced throughout the whole evolution as shall be seen in the following section.
III. GRAVITATIONAL WAVES GENERATED IN A PRIMORDIAL UNIVERSE
In this section, we present a complete analysis of the induced GWs throughout the whole evolution of a primordial Universe. In order to make the comparison with the pioneer works in the literature, we would like to show the results backward in time. We begin by discussing the induced GWs when the scalar modes re-enter the Hubble horizon during the radiation-dominated era.
A. Radiation-dominated era
In the Newtonian gauge, the line element in the perturbed metric is expressed as [40, 52, 54] 
where τ is the conformal time, Φ is the Bardeen potential, and h ij is the tensor perturbation up to second order. The equation of motion (EoM) for the induced GWs in the Fourier space can be written as follows,
where H ≡ a /a is the comoving Hubble parameter, λ = +, × denote two polarization modes of the GWs, and the source term S λ k (τ ) during the radiation-dominated era is given by [40, 41, 54, 57] S λ k (τ ) = 4
where the projections are defined as e λ (k, p) ≡ e λ lm (k)p l p m [49] . They take the form of (1/ √ 2)p 2 (1 − µ 2 ) cos 2ϕ for λ = +, and, (1/ √ 2)p 2 (1 − µ 2 ) sin 2ϕ for λ = ×, where µ ≡ k · p/|k| · |p| = cos θ, θ is the angle between the wave vector k (of the induced GWs) and p (of the source), and ϕ is the azimuth angle of p. The basic formulae above are presented in Appendix A in more detail. Accordingly, the EoMs for the induced GWs (3) are actually not equivalent for different polarizations, and hence we keep the indices of polarizations in the expressions. During the radiation-dominated era, the Bardeen potential Φ p in the source term (4) is related to the primordial comoving curvature perturbation ζ p via the relation Φ p = (2/3)T (kτ )ζ p , and the transfer function T (kτ ) can be solved by the EoM for the Bardeen potential (see the Appendix B 1 for details) [40, 41] .
Note that, while the evolution of the induced GWs during the radiation-dominated phase is relevant with the initial conditions that were inherited from inflationary phase, their generations mainly rely on the source term. Actually, the contribution induced from the source term would dominate over that from the cosmological evolution very soon in the radiation-dominated phase. The special solution of the induced GWs (3) can be determined by the Green function method. From the EoM (3) and the source term (4), one can see that the twopoint correlation function of the induced GWs can be roughly estimated as the square of the two-point correlation function of ζ p [40, 41] . After some lengthy calculations, one can derive the power spectrum of the induced GWs during the radiation-dominated phase as follows [40, 41, 54, 57] ,
where we have introduced the variables x = |k − p|/k and y = p/k. Moreover, the function F RD (k, τ, x, y) is given by
where z = kτ has been introduced. The expressions for the functions I c (x, y) and I s (x, y) are provided in the Appendix B 1 for detailed information. The formalism (5) is the general expression to calculate the power spectrum of the GWs induced by the primordial curvature perturbation ζ when the associated Fourier modes of ζ re-enter the Hubble horizon during the radiation-dominated era. The same modes of curvature perturbations can also induce over large density fluctuations that eventually could form PBHs after re-entering the Hubble horizon during the radiation-dominated phase. We comment that, a significant property of the GWs induced by the multi-spike power spectrum of the primordial curvature perturbations is that the corresponding wave band is wider than that of the single-peak case [71] . This can lead to differences in the parametrization of the energy spectrum for the induced GWs, which shall be discussed in detail in Sec. IV. Note that, the average amplitude of the induced GWs is not altered by the multi-spike case, as this amplitude mainly rely on the first peak that in the SSR mechanism is always the dominant one.
B. Inflationary era
In this part, we investigate the induced GWs during the inflationary era, which is often omitted in previous works. In the SSR mechanism, the curvature perturbations are amplified deep inside the Hubble horizon at the beginning time τ i while the sound speed start oscillating. And then, the curvature perturbations are exponentially enhanced due to the narrow resonance effect until the relevant modes exit the horizon, and they are frozen at the super-horizon scales. In principle, the GWs could be induced in both the sub-Hubble regime and the super-Hubble regime. Thus, the total contributions to the induced GWs during the inflationary era consist of these two regimes. First of all, we calculate the power spectrum for the GWs induced by the super-Hubble modes of the primordial curvature perturbations with the multiple peaks. Afterwards, we also calculate the power spectrum of GWs induced by the sub-Hubble modes of the primordial curvature perturbations which remain the quantum nature.
Super-Hubble modes
During the inflationary era, the perturbed inflaton can provide the anisotropic stress which then sources the GWs nonlinearly. In this case, the source term in (3) becomes
where δφ p (τ ) is the perturbed inflaton in the Fourier space. We work in the spatially flat gauge, where the field fluctuation δφ is related to the curvature perturbation ζ via ζ = Hδφ/φ = δφ/ √ 2 M p at the super-Hubble scales. After the lengthy calculations similar to (5) , we obtain the power spectrum for the induced GWs as follows
The function F Inf (k, τ, u) here is
where u ≡ k/p * , and p * is the characteristic frequency in the SSR mechanism. Comparing the formula (8) to (5), we can see that the difference between two power spectra of the induced GWs is from the functions F Inf (k, τ, u) and F RD (k, τ, x, y), since the source term during inflationary era (7) and radiation-dominated era (4) are different. We notice that the function F Inf (k, τ, u) involves the slowroll parameter , and hence, the magnitude of the power spectrum (8) is sensitive to the value of . Consequently, the energy spectrum of the GWs induced by the super-Hubble modes is about 2 suppressed comparing with the GWs induced during the radiation-dominated era, see Sec. IV. The explicit expression for P Super h (k, τ ) induced by the single-peak pattern and multi-peak pattern of P ζ (k) can be found in (B19) and (B20) of the Appendix B 2. According to our analysis, the power spectrum for the induced GWs in the super-Hubble regime is frozen at the end of inflation, and P Super h (k, τ end ) is shown in the Fig. 1 , where τ end is the conformal time at the end of inflation, i.e. τ end → 0. It is easy to see that the peak of the power spectrum (8) is located at k p * , where the amplitude arrives at 10 −12 , and we use the values of parameters as = 10 −3 , v ≡ −p * τ i = 200, ξ = 0.1, and n s = 0.968 which is in agreement with the latest CMB observations [39] . However, the effects of multiple peaks are no longer manifest in the tail of the power spectrum due to the suppression of the higher peaks by a factor of about O(10 −8 ).
Sub-Hubble modes
In this part, we continue to study the induced GWs from the quantum fluctuations of the perturbed inflaton δφ p inside Hubble horizon during the inflationary era. Due to the narrow resonance effect in the SSR mechanism, the sub-Hubble modes of δφ p in the neighborhood of the characteristic scale p * can be exponentially amplified, leading to the first major peak in the curvature power spectrum P ζ (k) (1). Since the sub-Hubble modes are time-dependent, it is not easy to calculate the fourpoint correlator of the δφ p as the previous calculations. Moreover, the solution of the modes in the neighborhood of the characteristic scale p * is a complicated combination of Mathieu functions [11] . Therefore, we use a semianalytical method to compute the power spectrum for the GWs induced by the sub-Hubble modes, instead of the previous analytical approach used for the super-Hubble regime.
The power spectrum for the GWs induced by the sub-Hubble modes at time τ * = −p −1 * can be calculated by the formula [72] ,
where g k (τ * , τ 1 ) is the Green's function for the induced GWs, and δφ p is the mode function of the quantum fluctuation δφ p . The angle θ is spanned by the wave vector k and p. Equation (10) consists of two integrals, the phase space integral ∆Π = dpp 2 d cos θdϕ and the time integral. For the phase space integral, we use the thin-ring approximation (see the Appendix B 3), while the integral over interacting time τ 1 is performed in a numerical way.
In the SSR mechanism, the full form of the mode function δφ cannot be obtained analytically. Instead we use the sub-horizon approximation and neglect the Hubble friction term in the EoM for inflaton. After the approximation, the equation is of the standard Mathieu form and can be solved analytically in terms of Mathieu functions. The validity of the approximation depends on the physical wavelength of the considered mode. If its physical wavelength is small compared to the Hubble horizon, the approximation is expected to work well. Since here we are considering the sub-Hubble contributions, we only need to track δφ down to its horizon-crossing time. Henceforth, this approximation should be valid for the most region of integration.
To better organize the calculation, we introduce a dummy variable s ≡ −p * τ 1 . Thus the time integral can be rewritten as
(12) As a shorthand notation, we denote the Matheiu sine and cosine funtions as C(x) ≡ C(1, ξ, x), S(x) ≡ S(1, ξ, x), and C (x) ≡ ∂C(1, ξ, x)/∂x, S (x) ≡ ∂S(1, ξ, x)/∂x. Therefore the contribution from sub-horizon modes is written as
where
Thus we arrive at the power spectrum P Sub h (k, τ * ) induced by the first major peak in the power spectrum P ζ (k) (1) . The same treatments are applied to the analysis of the second and third resonance peaks in P ζ (k) (1) . Note that the formula (10) and the thin-ring approximation can also be applied to the calculations of the power spectrum for the GWs induced by the super-Hubble modes at the end of inflation, by changing the expressions for the mode functions δφ p and the interval of the integral to (τ * , τ end ). These two approaches give the same results, which confirm our previous calculations in (8) and (9) .
Note that the power spectrum for GWs induced by the sub-Hubble modes is controlled by v = −p * τ i . This is the exponential of e-folding numbers between the triggering of resonance and the horizon-exit of the characteristic inflaton mode. Larger v gives higher GW spectrum. However, this amplification cannot grow indefinitely. In order to keep the validity of our formalisms, we require P ζ (p * ) < 1 and P h < 1. The former bound is considered in [11] and gives
Notice that p * and n s do not explicitly enter the expression for P Sub h (k, τ * ) (13), but they do control the boundary of parameter region through (15) .
In Fig. 1 , we depict the power spectra in the super-Hubble regime and the sub-Hubble regime for a viable set of parameters indicated in the caption. We see that the average amplitude of the GWs induced by the sub-Hubble modes can be about 10 10 larger than that of the super-Hubble modes. This gives us ample reasons to think that no significant corrections can arise from the evolution after τ * (i.e. the super-Hubble regime). Physically speaking, it is also reasonable since the induced GWs possess a comparable wavelength as the characteristic mode. Therefore when the curvature perturbation of the characteristic mode p * is frozen outside the horizon, the induced GWs freeze as well. This conclusion is also confirmed by the numerical result, and thus the induced GWs from inflation is dominated by the contribution from the sub-Hubble regime, i.e. P Inf h (k, τ end ) P Sub h (k, τ * ). Furthermore, the induced GWs from the inflationary era are large enough to be of observational interest, and could be comparable to the induced GWs from the radiation-dominated era. We shall give more detailed discussion on this point in Sec. IV. Here we notice that the peak of the induced GWs by the sub-Hubble modes is located around ξp * /2, which in our specific example takes 0.05p * . Thus the location of the peak differs from the one of the induced GWs by the super-Hubble modes, as well as the one from the radiation-dominated era, both of which are located in the neighborhood of p * . This shift of the peak is due to the interplay of phase integral and time integral in (10) . First, the mode functions take the complicated forms in terms of Mathieu functions at the sub-Hubble scales, the integral (11) of mode functions would have significant effects on the location of the peak of the power spectrum P Sub h (k, τ * ). Secondly, at small k, the thin ring deforms to a shell due to the geometric effects, see the Appendix B 3 for details. Another different feature comparing with the power spectrum induced by the super-Hubble modes is that the tail of power spectrum in the sub-Hubble regime has sharp peaks. We comment that the large GWs induced by the sub-Hubble modes arise from two effects. First, the expansion of the Universe from the beginning of the sound speed oscillation to the Hubble crossing of the p * mode: (τ i − τ * )/τ * e ∆N , where ∆N is the e-folding number for this period of inflation. The GWs induced by the super-Hubble modes are actually contributed from the integral τ end τ * in (10), i.e., from the Hubble crossing of the p * mode to the end of inflation τ end : (τ * − τ end )/τ * 1. In the SSR mechanism, e ∆N ∼ O(100) is quite larger than 1. Another effect is during the late stage of the resonance, the mode function δφ p * (τ ) oscillates in a trigonometric way, giving rise to a non-vanishing central value of δφ 2 p * which accumulates in the time integral in (10).
In Fig. 2 , we choose three sets of independent parameters , v and ξ to study the dependence of inflationary power spectra P Inf h (k, τ end ) on them. As expected, the power spectra are diminished by decreasing any of them while the shapes of the curves remain barely changed. This is reasonable since v controls the duration of resonance and ξ controls the rate of amplification. A decrease in either of them should cause P Inf h (k, τ end ) to drop down. The slow-roll parameter appears in the overall normalization and has a simple quadratic dependence. 
IV. RESULTS
In the previous sections, we provided theoretical analyses of cosmological GWs induced by primordial curvature perturbations with multiple spikes (1) from the inflationary era to the radiation-dominated era. We derived the power spectra for the induced GWs, which are listed in Eqs. (5), (8) and (10), respectively. Now we turn to forecast the observational implications on these induced GWs with the forthcoming GW experiments, e.g. the Laser Interferometer Space Antenna (LISA) [73] , Big-Bang Observer (BBO) [74] , Deci-hertz Interferometer Gravitational Wave Observer (DECIGO) [75] , and Tian-Qin [76] . Moreover, the induced GWs at low frequency band within the range of [10 −9 , 10 −7 ]Hz may be accessible by the planned pulsar timing array experiments, e.g. the Square Kilometre Array (SKA) [77] , International Pulsar Timing Array (IPTA) [78] . To combine the observational windows of radio surveys and GW interferometers, the search for PBHs by virtue of probing the induced GWs is becoming promising in the era of multimessenger astronomy.
When the induced GWs associated with the PBHs formation evolve into the present along with the expansion of our Universe, they become a stochastic GW background which can be characterized by their energy spectra Ω GW (τ 0 , k)h 2 0 [79, 80] . Usually this is defined as energy density of the GWs per unit logarithmic frequency, and h 0 is the reduced dimensionless Hubble parameter at the present time τ 0 . According to the definition of the effective energy for the GWs and the energy spectrum (see the Appendix A), we get the relation between the energy spectrum and the power spectrum for the GWs (see (A15)) when the modes of GWs are well inside the Hubble horizon. For the induced GWs from the radiationdominated era as shown in Eq. (5), the energy spectrum observed today is estimated as [49, 55] :
where τ f is some time near the end of the radiationdominated era and Ω r,0 is the present radiation energy density fraction. Since the energy density of GWs scales as radiation along with the cosmic expansion, the energy spectrum for the induced GWs do not dilute during the radiation-dominated era. For the induced GWs during the inflationary era, which are given by Eqs. (8) and (10), the present energy spectrum can be approximately written as [81, 82] 
for the frequency f > 10 −10 Hz. The present energy spectra Ω GW (f )h 2 0 of the induced GWs combined with the sensitivity curves of LISA, SKA and IPTA are shown in Fig. 3 and Fig. 4 respectively. Besides, the energy density of PBHs to DM ratio f PBH is another important phenomenological parameter. In each figure, the constraints from the corresponding electromagnatic window on f PBH spectra produced by the SSR mechanism are also shown. Here the relation between PBH mass and the frequency of the induced GWs follows an inverse-square law, namely f 2 1 /f 2 2 ∝ M 2 /M 1 . For the sensitivity of LISA, we have chosen the scale p * ∼ p LISA ∼ 2 × 10 12 Mpc −1 associated a PBH of mass 10 −12 M Sun [55] , and the scale near the sensitivities of SKA and IPTA p * ∼ 3 × 10 6 Mpc −1 corresponds to the PBHs with mass about 1M Sun . Both in Fig. 3 and Fig. 4 , we can see that the present energy spectra from the inflationary era are dominated by the sub-Hubble contribution, which are comparable to the present energy spectrum from the radiationdominated era when we choose the values of parameters as follows: = 10 −3 , v = 200, ξ = 0.1 and n s = 0.968. In Fig. 3 , the energy spectra of the induced GWs, both from the inflationary era and the radiation-dominated era, exceed the sensitivity of LISA, and their peaks are located in the sensitive region of LISA. Moreover, the frequency of the peak of energy spectrum contributed from the inflationary era is around 10 −1 lower than that of radiation-dominated era, so that it's hopeful to distinguish these two signals in the future LISA experiments. In Fig. 4 , the induced GWs from the inflationary era and the radiation-dominated era both exceed the sensitivities of SKA and IPTA, nevertheless the signal from the inflationary era is smaller than the signal from the radiation-dominated era. However, the above conclusions are based on the choice of the characteristic scale p * in sound speed oscillation. If we choose an appropriate scale p * , the signal of the induced GWs from the inflationary era becomes detectable by LISA, SKA and IPTA. Hence, through the GW observations we can extract constraints on parameters p * , ξ and v = −p * τ i in the SSR mechanism.
The shapes of energy spectra of stochastic GW background are crucial for the GW observations. As an approximation, we introduce the parametrization of the energy spectrum in the power-law form 1 :
where A represents the amplitude of energy spectrum at the critical frequency f c , i.e. Ω GW (f c )h 2 0 . α and β are the indices of the spectrum. For the induced GWs from the inflationary era, the parameters are given by 
For the induced GWs from the radiation-dominated era, we have 
Note that due to the term (p * /k p ) ns−1 appears in power spectrum (5) , the amplitudes of the parameterized energy spectra from the radiation-dominated era would change in different frequency ranges. As we have mentioned before, for the induced GWs from the sub-Hubble regime, the term (p * /k p ) ns−1 does not explicitly enter the expression for P Sub h (13), hence the amplitudes of the parameterized energy spectra are same in both frequency ranges of LISA and SKA (IPTA).
V. CONCLUSION
In this article we perform a comprehensive analysis of the stochastic background of GWs induced nonlinearly 1 The parametrization of stochastic GW background is found to be powerful in probing the cosmic history such as in [83] . the lower graph shows the present energy spectra for the GWs with a limit by the sensitivity curve of LISA. The blue solid line denotes the spectrum of the induced GWs from the radiation-dominated era, and the purple dot line is its envelope. The red solid line denotes the induced GWs from inflation, which is dominated by the contribution from the sub-Hubble regime as the previous discussions in Sec. III. Note that the present energy spectra of the induced GWs from inflation could be comparable to the induced GWs from the radiation-dominated era when we choose the values of parameters as follows: = 10 −3 , v = 200, ξ = 0.1 and ns = 0.968. Note that the frequency for the peak of ΩGW(f )h 2 0 from inflation is lower than the induced GWs from the radiationdominated era.
by over large primordial density perturbations that are accompanied with a process of PBH production. We report for the first time that the induced GWs can be resonantly enhanced within the sub-Hubble regime during inflation and hence make significant contribution to the energy spectra that are of observable interest in the forthcoming GW experiments. Our study also confirms that the contribution of induced GWs in the super-Hubble regime during inflation is secondary due to the nature of slow-roll suppression. Accordingly, by summing up all contributions the energy spectra of the induced GWs display a unique double-peak pattern that is innovative when compared with other works. To develop the technique of computation, we proposed a novel parametrization of the power spectrum of primordial density perturbations with several spikes as inspired by the SSR mechanism. It is acknowledged that the first two peaks of power spectrum would make the most important contribution to induce GWs nonlinearly. While the rest peaks could continue to contribute at a secondary level, there is a steep tail on the profile of energy spectra at the high frequency band that damps out soon. This is manifestly different from the single peak case where the energy spectra were almost cutoff at certain frequencies. In order to precisely characterize the energy spectra of the induced GWs from SSR mechanism, we put forward an envelope parametrization of their profiles which are expected to be measured in the future astronomical observations. Note that, depending on the mass scales of the PBHs, the characteristic peaks of energy spectra of the induced GWs may be located within the frequency band of [10 −5 , 10 −2 ]Hz which is sensitive to the satellite projects of GW astronomy, or even as low as the frequency band of [10 −9 , 10 −8 ]Hz which then is most relevant with radioastronomy. It is interesting to observe that, even for those PBHs with extremely light masses that have already been evaporated in the history of our Universe, they may leave a relic of induced GWs at high frequency band, namely within the LIGO range or even the kHz regime. This remarkable feature implies that, the probe of the energy spectra of induced GWs in multi-messenger astronomy has crucial implications for the search of PBHs at almost full frequency bands, even if those black holes may already disappear due to the mass loss via Hawking radiation.
Moreover, by comparing the observational abilities of GW astronomy with those of traditional telescopes upon the PBH mass spectrum, our results show explicitly that the observational window of GW instruments shall be more promising. To be specifically, one could constrain the parameter space of the SSR mechanism by testing the energy spectrum of induced GWs within the scope of LISA, while the dominant peak of the corresponding mass spectrum might be far from the sensitivities of traditional telescopes. This fact, from another perspective, has well illustrated that the development of multi-messenger astronomy shall become more and more promising in particular on the power of future GW detections.
In the end, we wish to highlight the implications of the present analysis on future studies from several perspectives. First of all, although our analysis is based on the SSR mechanism, from the perspective of methodology, the techniques developed in the present article can be easily extended into other scenarios with extended mass spectrum for PBHs. Moreover our results indicate that, for the study of induced GWs, the traditional approach may be incomplete, since it only focused on the radiation dominated stage, but there can also be significant contributions from the sub-Hubble regime during inflation. Therefore it is worth checking the GWs signals from other PBH generation mechanisms, and also taking into account the contribution from inflation stage. Phenomenologically, an important lesson from our study is that the probe of the information about the very early Universe is no longer limited by the traditional CMB and LSS surveys, but also include other astronomical telescopes at much smaller scales as well as a brand new window of GW experiments. On the other hand, in the era of multimessenger astronomy, the search for PBHs are becoming more and more likely, making for a more and more serious DM candidate, which would inspire appropriate designs for the forthcoming experiments. In particular, a possible measurement of energy spectra of stochastic GW background with high precision could shed light on the nature of black holes existing in our Universe.
Then one can write the EoM (A1) for the GWs in Fourier space as
Here we take the Fourier transformations as
and
The particular solution of the EoM (A4) is given by the Green function method,
where the Green's function g k (τ, τ 1 ) satisfies
The canonical quantization of the GWs (A7) can be written asĥ λ k = h λ k (τ )â λ k + h λ * k (τ )â λ † −k , and the operatorĥ ij is Hermitian, i.e.ĥ λ k =ĥ λ † −k . The annihilation and creation operatorsâ λ k andâ λ † k satisfy the ordinary canonical commutation relations at the same time,
The correlator for the GWs is defined as
where P h (k, τ ) is the dimensionless power spectrum for the GWs of each polarization.
Similarly, the power spectrum for the comoving curvature perturbation ζ k (τ ) is given by
A stochastic background of the GWs can be characterised by its energy density fraction Ω GW [79, 80] , which is defined as energy density of the GWs per unit logarithmic frequency
where ρ c (τ ) = 3M 2 p H 2 (τ ) is the critical energy density at the conformal time τ , and H(τ ) is the Hubble parameter. The effective energy density of the GWs is usually defined as [79, 81] 
where the bracket means the time average over several periods of the GWs. When the relevant modes of the GWs are well inside the Hubble radius, one relates the Ω GW (τ, k) and P h (k, τ ) as [79, 81] Ω GW (τ, k) = 1 24
where the overbar denotes the time average over several periods of the GWs.
where the Green's function satisfies the equation,
and one can find the solution during the radiationdominated era,
From the source term (B3), the two-point correlator Ŝ λ k (τ 1 )Ŝ s k (τ 2 ) can be expressed by the four-point correlator ζ pζk−pζqζk −q . By the Wick's theorem, we obtain [40, 41] 
Note that since ζ pζk−p = 0 with k = 0, this connection does not contribute to the four-point correlator ζ pζk−pζqζk −q . After having calculated the two-point correlator of the induced GWs (B5), we get the power spectrum for the induced GWs 
respectively, where z 1 = kτ 1 .
Inflationary era
In the spatially flat gauge, one can write the source term in (A1) contributed by the comoving curvature perturbation ζ as
where δφ is the perturbed inflaton, and c s is the sound speed of δφ. The δφ relates to ζ by ζ = (H/φ 0 )δφ = (1/ √ 2 M p )δφ. In the SSR mechanism, the modes of δφ which are in the neighbourhood of the characteristic scale p * can be exponentially enhanced by the narrow resonance effect, and lead to the narrow peaks in the power spectrum P ζ (k) (1). The source term S λ k (τ ) in (A4) during inflation reads off
(B14) It is sufficient to use the de Sitter (dS) approximation to get the Green's function for the induced GWs during the inflationary era. So that a(τ ) = −1/(Hτ ) and H = a /a = −1/τ , and the Green's function is given by [72, 85] g k (τ, τ 1 ) = 1 2k 3 τ 2 1 e −ik(τ +τ1) e 2ikτ (1 − ikτ )(−i + kτ 1 ) + e 2ikτ1 (1 + ikτ )(i + kτ 1 ) Θ(τ − τ 1 ) . (B15)
The Green's function only depends on the magnitude of wave vector k, i.e. k = |k|, and Θ(τ −τ 1 ) is the Heaviside step function, such that Θ(τ − τ 1 ) = 0 when τ < τ 1 and Θ(τ −τ 1 ) = 1 when τ > τ 1 . When we consider the modes of δφ which are outside the Hubble horizon during inflation, the correlator for the induced gravitational waves is given by (A8),
where τ * = −1/p * is the conformal time when the characteristic scale p * exits the Hubble horizon during the inflationary era.
After calculations similar to the previous one (B9), we acquire 
Since the period of the sound speed oscillation c s is larger than the period from the Hubble crossing to the end of inflation, and the amplitude of oscillation (i.e. ξ) is also small, hence the function F Inf (k, τ, u) is approximately
where u = k/p * . For the single-peak pattern of the power spectrum (i.e. considering the first major peak in (1)) P ζ , we get We notice that the power spectra for the induced GWs in (B19) and (B20) exhibit the IR divergence. However, when the induced GWs evolve to the end of inflation, the power spectra are frozen and the IR divergence shifts to the much more lower frequency region, which does not affect the physical signals of the observable frequency ranges.
The Thin-Ring Approximation
In order to calculate the phase space integral ∆Π = dpp 2 d cos θdϕ in Eq. (10), we use the thin-ring approximation. First, without loss of generality, we fix the direction of the wave vector k of the induced GWs to lie along the z-direction. Then, considering the narrowness of the resonance band, and the fact that only those modes very close to it get amplified, we only need to integrate over a subspace in the entire p space. That is, the ring-like intersection of the two spheres centering at 0 and k, each with a radius p * . This region is shown in Fig. 5 . Notice that the cross-section is not a round disk but a rhombic. Afterwards, simple geometrical calculation reveals the volume of the available phase space, namely ∆Π = 2πξ 2 p 4 * /k. The approximation is based on the ring-like shape of the overlapping region. However, at small k ξp * , geometric effects deform the ring into a shell and naturally cutoff the IR divergence in ∆Π, giving a finite result. Therefore, the full expression for ∆Π is written as 2πξ 2 p 4 * /k with k > ξ 2 p * and 4πξp 3 * with k < ξ 2 p * . Then the power spectrum (10) becomes 
